We prove that potential conservation laws have characteristics depending only on local variables if and only if they are induced by local conservation laws. Therefore, characteristics of pure potential conservation laws have to essentially depend on potential variables. This statement provides a significant generalization of results of the recent paper by Bluman, Cheviakov and Ivanova [J. Math. Phys., 2006, V.47, 113505]. Moreover, we present extensions to gauged potential systems, Abelian and general coverings and general foliated systems. An example illustrating possible applications of this result is considered.
Introduction
In the recent paper by Bluman, Cheviakov and Ivanova [6] a remarkable result on potential conservation laws was obtained. Namely, it was shown that for an arbitrary system of differential equations a conservation law of a potential system with a characteristic which depends only on the independent variables is induced by a local conservation law of the initial system. It appears that this statement was deduced after an in-depth investigation of important examples on potential symmetries which were considered ibid. This approach seems natural since, according to the famous Russian mathematician Vladimir Arnold, mathematics is an inductive and experimental science. At the same time, this theorem admits a significant generalization and, moreover, a converse statement is true as well. The possibility of generalizing this result is suggested by recalling the rule of transforming conservation laws under point transformations between systems of differential equations [21, 23] . The application of a hodograph type transformation to a characteristic which exclusively depends on the independent variables may result in a characteristic including dependent variables. Generally, characteristics of induced conservation laws of potential systems can depend on derivatives of unknown functions of the initial system, and systems of other kinds related to standard potential systems (systems determining Abelian or general coverings, gauged potential systems, general foliated systems) can be investigated in the same framework.
In the present paper we rigorously prove a number of statements on the above subject (Proposition 2 and Theorems 5-8), which can be summed up as follows: Theorem 1. The following statements on a conservation law of a two-dimensional potential system (resp. a system determining an Abelian covering, resp. a multi-dimensional standard potential system without gauges) are equivalent if the corresponding initial system is totally nondegenerate:
1) the conservation law is induced by a conservation law of the initial system; 2) it contains a conserved vector which does not depend on potentials; 3) some of its extended characteristics are induced by characteristics of the initial system; 4) it possesses a characteristic not depending on potentials. The equivalence of the first three statements is also true for conservation laws of general foliated systems, including multi-dimensional gauged potential systems and covering systems.
Further results on conservation laws of weakly gauged potential systems (Theorem 9) and general covering systems (Theorem 10) are established as well.
Theorem 1 allows us to formulate a criterion (Proposition 7) on purely potential conservation laws in terms of characteristics. Namely, a conservation law of a system determining an Abelian covering (resp. a potential system in the two-dimensional case) is not induced by a conservation law of the corresponding initial system if and only if it is associated with a completely reduced characteristic depending on potentials. A characteristic of a system of differential equations is called completely reduced if it does not depend on the derivatives of the unknown functions, which are assumed to be constrained to the solution set of the system. In particular, any completely reduced characteristic of a system determining an Abelian covering does not depend on the derivatives of potentials of orders greater than 0 since they are constrained due to differential consequences of the potential part of the system. Any conservation law possesses a completely reduced characteristic since expressing the constrained variables via the unconstrained ones in a characteristic results in an equivalent characteristic.
Our paper is organized as follows: Some basic notions and results on conservation laws are collected in Section 2 for the reader's convenience. Results on characteristics of conservation laws are singled out in Section 3 due to their particular importance for the paper. The exposition in these two sections follows, in general, the well-known textbook by Olver [20] while at the same time taking into account [21, 23, 32] . Two versions of the Hadamard lemma for fiber bundles, which play a crucial role for our further considerations, are formulated and proved in Section 4. Then we successively study conservation laws of general foliated systems (Section 5), potential systems with two independent variables (Section 6), systems determining Abelian coverings (Section 7), standard and gauged potential systems in the multi-dimensional case (Section 8) and general covering systems (Section 9). The criterion for purely potential conservation laws is formulated in Section 10. Possible applications of the obtained results are illustrated by an example in the final section.
Basic properties of conservation laws
Let L be a system L(x, u (ρ) ) = 0 of l differential equations L 1 = 0, . . . , L l = 0 for m unknown functions u = (u 1 , . . . , u m ) of n independent variables x = (x 1 , . . . , x n ). Here u (ρ) denotes the set of all the derivatives of the functions u with respect to x of order no greater than ρ, including u as the derivative of order zero. It is always assumed that the set of differential equations forming the system under consideration canonically represents this system and is minimal. The minimality of a set of equations means that no equation from this set is a differential consequence of the other equations. By L (k) we will always denote a maximal set of algebraically independent differential consequences of L that have, as differential equations, orders not greater than k. We identify L (k) with the corresponding system of algebraic equations in J k (x|u) and associate it with the manifold L (k) determined by this system.
Here J k (x|u) is the k-th order jet space with the independent variables x and the dependent variables u. A smooth function defined on a subset of J k (x|u) for some k, i.e., depending on x and a finite number of derivatives of u, will be called a differential function of u. The notation H [u] means that H is a differential function of u. See [20] for complete definitions.
For the manifold L (k) to actually represent the system L of differential equations, the L have to be locally solvable in each point of L (k) . For the application of the Hadamard lemma to differential functions vanishing on the manifold L (k) , we need the system L (k) to be, as a system of algebraic equations defined in the jet space J k (x|u), of maximal rank in each point of L (k) . If for any k the system L satisfies both these conditions then it is called totally nondegenerate.
(This definition slightly differs from that given in [20] .) For certain purposes, e.g., for different potential and pseudo-potential frames, it is useful to introduce the more general notion of weight of differential variables instead of the order, which takes into account the structure of the system of differential equations under consideration. Namely, for each variable of the infinite-order jet space J ∞ (x|u) (being the inverse limit of the jet space tower {J k (x|u), k ∈ N ∪ {0}} with respect to the canonical projections π k : J k (x|u) → J k−1 (x|u), k ∈ N) we define its weight ̺ by the rule:
̺(x i ) = 0, ̺(u a α ) = ̺ a + |α|.
The weights ̺(u a ) = ̺ a are defined on the basis of the structure of the system L. (In subsequent sections we will provide concrete examples on how to specify the ̺ a initially.) In what follows u a α stands for the variable in J ∞ (x|u), corresponding to the derivative ∂ |α| u a /∂x α 1 1 . . . ∂x αn n , α = (α 1 , . . . , α n ) is an arbitrary multiindex, α i ∈ N ∪ {0}, |α| := α 1 + · · · + α n . If ̺ a = 0 then the weight of u a α obviously coincides with the usual derivative order |α|. We include in the weighted jet space J k ̺ (x|u) the variables whose weight is not greater than k. The infinite-order jet space J ∞ (x|u) is the inverse limit of the weighted jet space tower {J k ̺ (x|u), k ∈ N ∪ {0}} with respect to the canonical projections π k ̺ : J k ̺ (x|u) → J k−1 ̺ (x|u), k ∈ N. The technique of working with weights does not differ from the order technique and so a number of analogous notions can be introduced. Thus, the weight ̺(H) of any differential function H[u] equals the maximal weight of variables explicitly appearing in H. The weight of the equation H[u] = 0 equals ̺(H). A complete set of independent differential consequences of the system L which have weights not greater than k and the associated manifold in J k ̺ (x|u) are denoted by the symbols
,̺ , respectively. The system L is called totally nondegenerate with respect to the weight ̺ if for any k ∈ N it is locally solvable in each point of L [k] and the algebraic system L [k] is of maximal rank in each point of L [k] . The Hadamard lemma can be applied, in the conventional way, to differential functions defined in J k ̺ (x|u) and vanishing on L [k] .
We will explicitly indicate all places in which the usage of weighted jet spaces is essential. In the other places, the terminology involving orders is used although it can be replaced by that based on weights.
In Definition 1 and below D i = D x i denotes the operator of total differentiation with respect to the variable x i , i.e.
, where δ i is the multiindex whose i-th entry equals 1 and whose other entries are zero. We use the summation convention for repeated indices and consider any function as its zero-order derivative. The indices i and j run from 1 to n, the index a runs from 1 to m, and the index s from 1 to p unless otherwise stated. The notation V L means that values of V are considered only on solutions of the system L.
Heuristically, a conservation law of the system L is an expression Div F vanishing on the solutions of L. The more rigorous definition of conservation laws given below is based on the factorization of the space of conserved vectors with respect to the subspace of trivial conserved vectors. Note that there is also a formalized definition of conservation laws of L as (n − 1)-dimensional cohomology classes in the so-called horizontal de Rham complex on the infinite prolongation of the system L [9, 27, 28] . The formalized definition is appropriate for certain theoretical considerations and reduces to the usual one after local coordinates are fixed.
Definition 2.
A conserved vector F is called trivial if F i =F i +F i whereF i andF i are, like F i , differential functions of u,F i vanishes on the solutions of L and the n-tupleF = (F 1 , . . . ,F n ) is a null divergence (i.e. its divergence vanishes identically).
The triviality effected by conserved vectors vanishing on solutions of the system can easily be eliminated by restricting to the manifold of the system, taking into account all its relevant differential consequences. A characterization of all null divergences is given by the following theorem (see e.g. [20, Theorem 4.24] ).
If n = 1 any null divergence is constant.
Definition 3. Two conserved vectors F and F ′ are called equivalent if the tuple F ′ − F is a trivial conserved vector.
The above definitions of triviality and equivalence of conserved vectors are natural in view of the usual "empiric" definition of conservation laws of a system of differential equations as divergences of its conserved vectors, i.e., divergence expressions which vanish for all solutions of this system. For example, equivalent conserved vectors correspond to the same conservation law. This allows us to formulate the definition of conservation law in a rigorous style (see e.g. [32] ). Namely, for any system L of differential equations the set CV(L) of conserved vectors of its conservation laws is a linear space, and the subset CV 0 (L) of trivial conserved vectors is a linear subspace in CV(L). The factor space CL(L) = CV(L)/ CV 0 (L) coincides with the set of equivalence classes of CV(L) with respect to the equivalence relation adduced in Definition 3. This is why we view the determination of the set of conservation laws of L as finding CL(L), which in turn is equivalent to constructing either a basis if dim CL(L) < ∞ or a system of generators in the infinite dimensional case. All elements of CV(L) which belong to the same equivalence class determining a conservation law F are considered as conserved vectors of this conservation law, and we will additionally identify elements from CL(L) with their representatives in CV(L). For F ∈ CV(L) and F ∈ CL(L) the notation F ∈ F will mean that F is a conserved vector corresponding to the conservation law F. In contrast to the order ord F of a conserved vector F as the maximal order of derivatives explicitly appearing in F , the order ord F of the conservation law F is defined as min{ord F | F ∈ F}. The notion of weight of a conservation law is introduced in the same way. By linear dependence of conservation laws we mean linear dependence as elements of CL(L). Therefore, in the framework of the "representative" approach conservation laws of a system L are considered linearly dependent if there exists a linear combination of their representatives which is a trivial conserved vector.
Substituting any solution u of L into any conserved vector F results in a null divergence depending only on x. Then the functions v ij of x, introduced according to Theorem 2 and implicitly parameterized by u, are called potentials corresponding to the conserved vector F . The equations D j v ij = F i determine each potential v ij up to the negligible summandv ij , wherȇ v ij = −v ji and D jv ij = 0. Acting on the potentials, the gauge transformationṽ ij = v ij +v ij has no influence on the corresponding tuple F . This gives constant and functional indeterminacies in the potentials if n = 2 and n 3, respectively.
Suppose that F andF are equivalent conserved vectors, i.e., there exist a null divergenceF and a tupleF vanishing on the solutions of L such thatF = F +F +F . In view of Theorem 2 we can representF in the formF i = D jv ij for some differential functionsv ij [u] = −v ji [u] . Then the potential tuples (v ij ) and (ṽ ij ) respectively associated with the conserved vectors F andF are connected, up to negligible summandsv ij , via the transformationṽ ij = v ij +v ij [u] which allows us to assume that these potential tuples are equivalent. Therefore, we can say that the potential tuple (v ij ) (or (ṽ ij )) is associated with the conservation law containing the conserved vectors F andF .
Characteristics of conservation laws
Let the system L be totally nondegenerate. Then an application of the Hadamard lemma to the definition of conserved vector and integration by parts imply that the divergence of any conserved vector of L can always be represented, up to the equivalence relation of conserved vectors, as a linear combination of the left hand sides of the independent equations from L with coefficients λ µ which are functions on a suitable jet space J k (x|u):
Here the order k is determined by L and the order of F , µ = 1, l. More precisely, the following statement is true.
Definition 5. Formula (1) and the l-tuple λ = (λ 1 , . . . , λ l ) are called the characteristic form and the characteristic of the conservation law containing the conserved vector F , respectively.
The characteristic λ is trivial if it vanishes for all solutions of L. Since L is nondegenerate, the characteristics λ andλ satisfy (1) for the same F and, therefore, are called equivalent iff λ −λ is a trivial characteristic. Similarly to conserved vectors, the set Ch(L) of characteristics corresponding to conservation laws of the system L is a linear space, and the subset Ch 0 (L) of trivial characteristics is a linear subspace in Ch(L). The factor space Ch f (L) = Ch(L)/ Ch 0 (L) coincides with the set of equivalence classes of Ch(L) with respect to the above characteristic equivalence relation.
We should like to emphasize that the explicit form of characteristics depends on what set of equations is chosen for the canonical representation of the system L.
The following result [20] forms the cornerstone for the methods of studying conservation laws, which are based on formula (1), including the Noether theorem and the direct method in the version by Anco and Bluman [2, 3] . Using properties of total divergences, we can eliminate the conserved vector F from (1) and obtain a condition for the characteristic λ only. Namely, a differential function f is a total divergence, i.e. f = Div F for some n-tuple F of differential functions iff E(f ) = 0. Here the Euler operator E = (E 1 , . . . , E m ) is the m-tuple of differential operators
where α = (α 1 , . . . , α n ) runs through the multi-index set (
Therefore, the action of the Euler operator on (1) results in the equation
Since D * λ (L) = 0 automatically on solutions of L then equation (2) implies a necessary condition for λ to belong to Ch(L):
Condition (3) can be considered as adjoint to the criterion D L (η) L = 0 for infinitesimal invariance of L with respect to an evolutionary vector field with characteristic η = (η 1 , . . . , η m ). This is why solutions of (3) are sometimes called cosymmetries [24, 8] or adjoint symmetries [3] . 
Here E α a is the higher-order Euler operator acting on an arbitrary differential function P [u] according to
Recall also that for any multiindex α with components α 1 , . . . , α n ∈ N ∪ {0}, we have α! := α 1 ! · · · α n ! and δ i was introduced after Definition 1. The condition β α for the multiindices α = (α 1 , . . . , α n ) and β = (β 1 , . . . , β n ) means that β 1 α 1 , . . . , β n α n .
In fact, we need only a consequence of Theorem 4. It is easy to see that if the function H does not depend on the derivatives of u a for a fixed value of a then the tupleF from Theorem 4 possesses the same property with the same value of a. 
Hadamard lemma for fiber bundles
In this section we derive certain versions of the well-known Hadamard lemma (see e.g., [20, Proposition 2.10]) which will be needed in our further investigations. To this end we will employ the following notations: let k, κ ∈ N. The index s will run from 1 to k and the index σ from 1 to κ. Let us also recall that the summation convention for summation over repeated indices is in effect.
To begin with we treat a rather elementary special case of the general result below in order to make the underlying ideas transparent and to single out a case of practical relevance. In both cases, we will use unified notations.
Suppose that B and N are manifolds. (Here N can also be a one-element set.) Denote the manifold B × N × R κ by M . Consider the smooth functions g : B → R k , ζ : B × N → R κ and f : B → R. We associate the function f with the functionf : M → R defined bŷ
Lemma 1. Let g : B → R k be a mapping of maximal rank on the submanifold B g = {y ∈ B | g(y) = 0}. The functionf vanishes on the submanifold
if and only if there exists a smooth function λ : B → R k such that
Proof. Suppose that the functionf vanishes on M g,h . In view of the Hadamard lemma [20, Proposition 2.10], there exist smooth functions α : M → R k and β : M → R κ such that
We now fix some value z ′ = z ′ 0 and substitute z ′′ = ζ(y, z ′ 0 ) into this formula to obtain the desired result with λ s (y) = α s (y, z ′ 0 , ζ(y, z ′ 0 )).
Our next aim is to generalize this result to the fiber bundle setting. To this end we first introduce some notation (cf., e.g., [11] ).
Consider a smooth fiber bundle (M, B, π, F ), where M is the total space of the bundle, B the base space, F the fiber, and π : M → B the projection map. We write (U, ϕ) for the local trivializations (or fiber bundle charts) of the bundle M , π −1 (U ) ϕ ≃ U × F . Any point x ∈ π −1 (U ) corresponds to the pair (y, z) = ϕ(x) ∈ B × F , i.e., y = π(x) = pr 1 (ϕ(x)) ∈ B and z = pr 2 (ϕ(x)) ∈ F . Consider the smooth functions f : B → R, g : B → R k . We associate the functions f and g with their pullbacksf : M → R andĝ : M → R k under π:
respectively. Let h : M → R κ be a smooth map. Then by the vertical rank of h in x ∈ M we mean the rank of the restriction of the tangent map T x h of h to the vertical subspace of the tangent space T x M of M at x. (This vertical subspace is just the tangent space of the fiber of x.) If (ϕ, U ) is any trivialization around x and ϕ(x) = (y, z), then the vertical rank of h at x is the rank of ∂ z (h • ϕ −1 )(y, z). After these preparations we may now state:
Lemma 2. Suppose that 1) g : B → R k has maximal rank on the submanifold B g = {y ∈ B | g(y) = 0};
2) The vertical rank of h on M h = {x ∈ M | h(x) = 0} equals κ.
3) For any y ∈ B there exists x ∈ π −1 (y) such that h(x) = 0. Then the functionf vanishes on the submanifold M g,h = {x ∈ M |ĝ(x) = 0, h(x) = 0} if and only if there exists a smooth map λ : B → R k such that
Proof. The condition is obviously sufficient. Conversely, suppose that the functionf vanishes on M g,h . The Cartesian product (ĝ, h) : M → R k × R κ of the functionsĝ and h is of maximal rank (= min(dim B, k) + κ) on M g,h . Indeed, we clearly have rank(ĝ, h) ≤ min(dim B, k) + κ. Conversely, let x ∈ M g,h and choose some fiber bundle chart ϕ :
In particular, M g,h is a regular submanifold of M . In view of the Hadamard lemma (see, e.g., [20, Proposition 2.10]), there exist smooth functions α : M → R k and β : M → R κ such that
To prove the theorem, it is enough to show (4) around any y 0 in B and then use a partition of unity on B. Thus we fix some y 0 ∈ B and choose a fiber bundle chart (U, ϕ) around y 0 . By our third assumption, there exists
). Let (y 1 , . . . , y n , z 1 , . . . , z m ) be local coordinates in a neighborhood of (y 0 , z 0 ) in U × F , where n = dim B and m = dim F . Then it what follows we may in fact suppose that B and F are open subsets of R n resp. R m . We introduce the notation z ′ = (z 1 , . . . , z m−κ ) and z ′′ = (z m−κ+1 , . . . , z m ). By 2), up to re-numbering of the z-variables we can assume that |∂(h • ϕ −1 )/∂z ′′ | = 0 in the point (y 0 , z 0 ). In view of the implicit function theorem there exist neighborhoods V and W of (y 0 , z ′ 0 ) and z ′′ 0 in the projections of U × F to the variables (y, z ′ ) and z ′′ , respectively, and there exists a smooth map ζ :
We now consider only the points (y, z ′ , z ′′ ) ∈ V × W , make the substitution z ′′ = ζ(y, z ′ ) and fix the value z ′ = z ′ 0 . As a result, we obtain that
where the function λ s : V y → R k is defined by the formula λ s (y) = α s • ϕ −1 (y, z ′ 0 , ζ(y, z ′ 0 )). The neighborhood V y of y 0 is the section of V corresponding to z ′ = z ′ 0 .
Foliated systems
All the potential frames over systems of differential equations investigated in the subsequent sections are particular cases of the more general notion of foliation of systems of differential equations. LetL be a systemL(x, u (ρ) , v (ρ) ) = 0 ofl differential equationsL 1 = 0, . . . ,Ll = 0 for m + p unknown functions u = (u 1 , . . . , u m ) and v = (v 1 , . . . , v p ) of n independent variables
For each k ∈ N∪{0} we consider the projection
. It is also possible to consider the projection ̟ : J ∞ (x|u, v) → J ∞ (x|u) whose restriction to J k (x|u, v) coincides with ̟ k and which induces pullbacks of differential functions of u of arbitrary (finite) order. Usually we will notationally suppress the pullback operation in what follows.
Definition 6. The systemL is called a foliated system over the base system L if (the pullback of) each equation of L is a differential consequence ofL and any differential consequence ofL which does not involve the functions v is (the pullback of) a differential consequence of L.
In order to apply, in particular, the usual and extended characteristic forms and the Hadamard lemma, below we suppose that both the systems L andL are totally nondegenerate.
Definition 6 fits well into the general notion of foliation and the geometrical interpretation of systems of differential equations as manifolds in a jet space. Namely, the systemL is foliated over the system L if and only if for any k ∈ N the projection of the manifoldL (k) into the subspace of the variables (x, u (k) ) coincides with the manifold L (k) . It is therefore natural to denote the relation betweenL and L by ̟L = L. In terms of solution sets, the strip u = u 0 (x), where u 0 (x) is a fixed solution of L, is the solution set of the systemL(x, u 0 (ρ) , v (ρ) ) = 0.
Definition 7.
The systemL is called a strongly foliated system over the base system L ifL is foliated over L and each of the equations minimally representing L can be included in a minimal set of equations formingL.
There exist foliated systems which are not strongly foliated. For example, the systemL formed by the equations u 2 x = u 1 , v x = u 2 and v t = u 1 is foliated and not strongly foliated over the system L consisting of the equations u 2 x = u 1 and u 2 t = u 1 x . Indeed, the equation
x is a differential consequence ofL and cannot be included in the minimal set of equations representingL. The cross differentiation of the two last equations ofL is the unique way of excluding the derivatives of v fromL. Therefore, any differential consequence ofL which does not involve the function v is a differential consequence of L. This example is directly connected with the main subject of the paper since both the systems are potential systems of the (1 + 1)-linear heat equation, cf. systems (20) and (22) with the value A = 1.
IfL is foliated over L, we will assume that the maximally possible numberl of equations of L is included in the minimal equation set forming and canonically representingL. Without loss of generality we can additionally assume that these equations are the firstl equations in both of these systems. Such a representation ofL and L will be called a canonical foliation ofL over L. The foliation is strong if and only ifl = l.
The pullback of any conserved vector of L under ̟ obviously is a conserved vector ofL which does not depend on derivatives of v. In view of Lemma 2, the converse statement is also true. Namely, any conserved vector ofL which does not depend on derivatives of v is the pullback of a conserved vector of L under ̟. This justifies the following definition.
Definition 8. We say that a conservation lawF ofL is a pullback, with respect to ̟, of a conservation law F of L (i.e.,F = ̟ * F) or, in other words, is induced by this conservation law if there exists a conserved vectorF ∈F which is the pullback of a conserved vector F ∈ F.
Using Definition 8, we can re-formulate our results on the pullbacks of conserved vectors.
Proposition 2. A conservation lawF ofL is induced by a conservation law F of L if and only if the conservation lawF contains a conserved vector which does not depend on derivatives of v.
This conserved vector necessarily is the pullback of a conserved vector belonging to F.
is called an extended characteristic of a conservation lawF ofL if some conserved vector F ∈F satisfies the condition
The definition of usual characteristics involves the minimal set of equations canonically representing the system under consideration. In contrast to this, to define extended characteristics of a canonically foliated system, we extend this minimal set by the equations which canonically represent the base system and do not belong to the minimal set of equations of the foliated system. Definition 10. We say that a usual or extended characteristic ofL is induced by a characteristic of L if the tuple of the characteristic components associated with the pullbacks of the equations of L is the pullback of the characteristic of L and the other characteristic components vanish.
If the extended characteristic λ is induced by a characteristic of L, the defining equality (6) takes the form
i.e., the total divergence of the associated conserved vectorF is a function of only x and derivatives of u.
Theorem 5. Let the systemL be canonically foliated with base system L and suppose that both L andL are totally nondegenerate. A conservation law ofL is induced by a conservation law of L if and only if it has an extended characteristic induced by a characteristic of L.
Proof. Suppose that F is a conservation law ofL, induced by a conservation law of L. In view of Proposition 2, it contains a conserved vector F which does not depend on derivatives of v. The condition
vanishes on the manifold determined in the jet space J r (x|u, v) by the system L p and its differential consequences. A complete set of independent differential consequences of the systemL which have, as differential equations, order not greater than r is exhausted by the equations
Here the equationsLμ = 0,μ = 1, . . . ,l, form a corresponding set of differential consequences of the system L. Therefore, the equationsĹμ = 0,μ = 1, . . . ,ĺ cannot be combined to equations which do not involve derivatives of v. In view of Lemma 2 there exist functionsλμ of only x and derivatives of u such that D i F i =λμLμ. Following the conventional way of deriving the characteristic form of conservation laws [20] , we integrate by parts on the right-hand side of the last equality and obtain that D iF i = λ µ L µ . HereF i and λ µ are functions of x and derivatives of u. The conserved vectors F andF are equivalent since their difference vanishes on L. That is why the tuple (
) is a characteristic of the system L, associated with the conserved vectorF which belongs to the conservation law of L, inducing F. Therefore, the tuple
is an extended characteristic of the foliated systemL, associated with the conservation law F and induced by the characteristic (
Conversely, let the tuple (λ 1 , . . . , λ l+l−l ) be an extended characteristic of the foliated systemL associated with the conservation law F, induced by the characteristic (λ 1 , . . . , λ l ) of the base system L. This means that
Since the right-hand side λ µ L µ depends only on x and derivatives of u, the equality D i F i = λ µ L µ implies in view of Corollary 1 that there exists a conserved vectorF ofL, which depends only on x and derivatives of u, is equivalent to the conserved vectors F and, therefore, belongs to F. This in turn shows that the conservation law F is induced by a conservation law of the base systemL.
The proof of Theorem 5 also implies the following statement.
Corollary 2. An extended characteristic ofL is induced by a characteristic of L if the tuple of the characteristic components associated with the pullbacks of equations of L does not depend on derivatives of v and the other characteristic components vanish.
In the general case the equality
is not a characteristic form of the conservation law ofL, containing the conserved vector F , since some equations canonically representing L may be out of the canonical foliationL. The strong foliation guaranties the inclusion of all the equations L 1 = 0, . . . , L l = 0 in the canonical foliation. 
Two-dimensional case
In this section we first derive our results for the case of two independent variables to explain some necessary notions and ideas of the proof clearly. Moreover, this case is special, in particular, with respect to a possible (constant) indeterminacy after the introduction of potentials and due to the high effectiveness of the application of potential symmetries. Only in this case the introduction, according to Theorem 2, of potentials with an arbitrary finite set of conservation laws results in an Abelian covering of the system under consideration, and any Abelian covering can be obtain in this way.
We denote the independent variables by t and x. A conserved vector of the system L in two independent variables t and x is a pair (F, G) of functions depending on t, x and a (finite) number of derivatives of u, whose total divergence vanishes for all solutions of
Here D t and D x are the operators of total differentiation with respect to t and x, respectively. The components F and G are called the conserved density and the flux of the conserved vector (F, G). Two conserved vectors (F, G) and (F ′ , G ′ ) are equivalent and, therefore, associated with the same conservation law if there exist functionsF ,Ĝ and H of t, x and derivatives of u such thatF andĜ vanish on L (k) for some k and
Any conserved vector (F, G) of L allows one to introduce the new dependent (potential) variable v by means of the equations
To construct a number of potentials in one step, we have to use a set of conserved vectors associated with linearly independent conservation laws since otherwise the potentials will be dependent in the following sense: there exists a linear combination of the potentials, which is, up to a negligible constant summand, a differential function of u only (see Proposition (3) below). In the case of two independent variables we can also introduce the more general notion of potential dependence [21] .
Definition 11. The potentials v 1 , . . . , v p are called locally dependent on the solution set of the system L (or, for short, dependent) if there exist r ′ ∈ N and a function Ω of the variables t, x, u (r ′ ) , v 1 , . . . , v p such that Ω v s = 0 for some s, 1 s n, and Ω(t, x, u (r ′ ) , v 1 , . . . , v p ) = 0 for any solution (u, v 1 , . . . , v p ) of the combined system of L and the equations determining the set of potentials v 1 , . . . , v p (up to gauge transformations, i.e., up to adding constants to the potentials).
A proof of local dependence or independence of potentials seems rather hopeless for general classes of differential equations since it is closely connected with a precise description of the structure of the associated conservation laws. Examples of such proofs for particular classes of differential equations (diffusion-convection equations and linear parabolic equations) were presented in [21, 23] . It is natural to assume that potential tuples satisfying the conditions of Proposition 4 are equivalent. Proposition 4 implies that, up to the equivalence of potential tuples, any potential system is associated with a subspace of the space of conservation laws of the initial system and does not depend on the choice of a basis in this subspace or of the conserved vectors representing the basis elements.
In the case of a single equation L, pairs of equations of the form (7) combine into the complete potential system if at least one of them is associated with a nonsingular characteristic (since in this case L is a differential consequence of this pair). As a rule, systems of this kind admit a number of nontrivial symmetries and hence are of great interest. Note that in the case l = 1 the characteristic λ = λ[u] is called singular if the differential equation λ[u] = 0 has a solution u = u(x). The necessity of telling the difference between singular and nonsingular characteristics was emphasized by Bluman [5] .
Suppose that the system L has p linearly independent local conservation laws with conserved vectors (F s , G s ), s = 1, . . . , p. We introduce the potentials v 1 , . . . , v p associated with this tuple of conserved vectors by the formulas
assuming additionally that these potentials are locally independent on the solution set of the system L. The corresponding potential system L p is canonically represented by the potential part (8) and the equations of the system L which are not differential consequences of (8) and the other equations of L, taken together. This representation is a canonical foliation of the system L p over the system L. Below the index ν runs through the set N of the numbers of such equations from L, The index ν ′ runs through the set N ′ = {1, . . . , l}\N . Note that the total number of such equations is equal to or greater than l − p but is not necessarily equal to l − p. (the variables x and derivatives of u are not transformed) maps the system L p associated with v to the systemL p associated withṽ. The tuples (F s , G s , s = 1, . . . , p) and (F s ,G s , s = 1, . . . , p) from the potential parts of these systems are connected by the formulas (
We will also say that the systems L p andL p are equivalent as potential systems of the system L.
In order to use the characteristic form (1) of conservation laws we need for the systems L and L p to be totally nondegenerate in some sense. In the general case, it is difficult to derive the total nondegeneracy of L p in the usual sense [20] from the corresponding property of L. That is why we use the following trick based on the special structure of the potential part (8) of L p . For any k ∈ N ∪ {0} we replace the usual jet spaces J k (x|u) and J k (x|u, v) by the weighted jet space J k ̺ (x|u) with a predefined weight ̺ and the weighted jet space J k ̺ (x|u, v) in which the weight ̺ is extended to the derivatives of the potentials v according to the rule:
Note that this rule is not the only possible choice. There are a number of different ways for this extension. The main rule for weighting the potentials is that the weights of the left-hand sides of equation (8) have to be greater than or equal to the weights of the corresponding right-hand sides. Recall that the weight ̺(H) of any differential function H equals the maximal weight of the variables explicitly appearing in H. For the extension of the weight ̺ to be canonical (up to permutation of potentials) in the class of potential system equivalent to L p , we have to choose one of the equivalent potential tuples which has the minimal value of s ̺(v s ). The consideration of the pre-weighted space J k ̺ (x|u) is necessary for the investigation of hierarchies of potential systems since the system L itself can be a potential system of a system with respect to a part of the unknown functions u a , and the other u's are potential of the previous level.
A complete set L p[k] of independent differential consequences of the system L p which have extended weights not greater than k is exhausted by the equations
Here the equationsLμ = 0,μ = 1, . . . ,l, form a complete set L [k] of independent differential consequences of the system L, which have weights not greater than k. v s (i,j) = ∂ i+j v s /∂t i ∂x j , i, j 0. For each s the indices j ′ and (i, j) run through the sets in which i, j,
The local solvability of L p follows from the local solvability of L and the compatibility conditions for the potential part and implies the local solvability of L since L is a subsystem of L p .
As a result, we have the following statement.
Lemma 3. The system L is totally nondegenerate with respect to a weight if and only if the potential system L p is totally nondegenerate with respect to this weight extended to the derivatives of the potentials.
Since two-dimensional potential systems form a particular case of foliated systems, all statements of Section 5 are true for conservation laws of such systems. (Only in the proof of Theorem 5 the orders and usual jet spaces have to be replaced by the weights of the same objects and weighted jet spaces, respectively.) At the same time, due to their special structure stronger statements on the connection between inducing their conservation laws by conservation laws of the corresponding initial systems and the locality of the associated characteristics can be proved. 
Since the differential function V of t, x and derivatives of u and v is a total divergence then the value of the extended Euler operator 
Then equation (9) can be re-written as
and the conserved vector (F ,Ĝ) is equivalent to the initial conserved vector (F, G). The righthand side of the last equality is a differential function of u and vanishes on the manifold L [k] of the jet space J k ̺ (x|u), where k is the highest weight of the variables in this expression. Using the Hadamard lemma and "integration by parts" as in deriving the general characteristic form of conservation laws, we obtain that
for some differential functionsγ µ [u] , where the conserved vector (F ,Ǧ) is equivalent to (F ,Ĝ) and, therefore, (F, G) since it differs from (F ,Ĝ) on a tuple vanishing on the solution set of L.
Since the right-hand sideγ µ L µ depends only on x and derivatives of u, equality (10) implies in view of Corollary 1 that there exists a conserved vector (F ,G) of L p , which depends only on x and derivatives of u and is equivalent to the conserved vectors (F ,Ǧ) and, therefore, (F, G).
Lemma 5.
If an extended characteristic of a two-dimensional potential system is induced by a characteristic of the corresponding initial system then the associated conservation law of the potential system has a characteristic which does not depend on potentials.
Proof. Suppose that the potential system L p possesses an extended characteristic induced by a characteristic λ of the initial system L, i.e., there exists a conserved vector
. In the general case this equality is not a characteristic form of the conservation law of L p containing the conserved vector (F, G), since some equations of L can fall out of the minimal set of equations forming the potential system L p . The indices of such equations form the set N ′ = {ν ′ }. If N ′ = ∅, we at once have a characteristic form.
where A ν ′ ν and B ν ′ s are polynomials of the total differentiation operators D t and D x with coefficients depending on x and derivatives of u. Note that
Integrating by parts on the right-hand side leads to the equality
where Note 2. Although the general version of the Hadamard lemma for fiber bundles (Lemma 2) is used in the proof of Theorem 5 involved in deriving Theorem 6, in fact the simplest version of this lemma (Lemma 1) is sufficient, due to the special foliation structure of two-dimensional potential systems, to directly prove Theorem 6. The same observation is true for Abelian coverings and standard potential systems without gauges in the multidimensional case.
Abelian coverings
There are two ways to directly generalize the above results for the two-dimensional case to the multi-dimensional case. One of them deals with Abelian coverings and the other is based on the introduction of potentials according to Theorem 2. In this section we consider Abelian coverings (in the local approach). Suppose that the system L admits p potentials v 1 , . . . , v p defined by the equations
where the differential functions
on the solution set of the system L. The corresponding potential system L p is canonically represented by the potential part (11) and the equations of the system L, which are not differential consequences of (11) and other equations of L, taken simultaneously. Similarly to Section 6, below the index ν runs through the set N of the numbers of such equations and the index ν ′ runs through the complimentary set N ′ = {1, . . . , l}\N . The representation described gives a canonical foliation of the system L p over the system L. The system L p defines an Abelian covering of the system L since the right-hand sides G si of (11) do not depend on the potentials v 1 , . . . , v p . Each of the compatibility conditions u] ) and (G si [u] ) from the potential parts of these systems are connected by the formula
In fact, in the local-coordinate approach an Abelian covering of L is an equivalence class of potential tuples which are considered along with the corresponding equations of the form (11) and prolongations of the total differentiation operators to the potentials, coinciding on the solution set of L. The equivalence of potential p-tuples agrees with the equivalence of the associated p-element sets of Employing the characteristic form (1) of conservation laws requires the assumption that the systems L and L p are totally nondegenerate. We again use the trick of introducing weighted jet spaces and extending the weight to potentials. The procedure is analogous to that in the two-dimensional case. Thus, the rule for extending the weight to the derivatives of the potentials
Lemma 6. The system L is totally nondegenerate with respect to a weight if and only if the system L p is totally nondegenerate with respect to this weight extended to the derivatives of the potentials.
Proof. A complete set L p[k] of independent differential consequences of the system L p which have extended weights not greater than k is exhausted by the equations
Here the equationsLμ = 0,μ = 1, . . . ,l, form a complete set L [k] of independent differential consequences of the system L, which have weights not greater than k. v s α = ∂ |α| v s /∂x
For each i and s the multiindex α = (α 1 , . . . , α n ) runs through the multiindex set in which . The local solvability of L p follows from the local solvability of L and the compatibility conditions for the potential part and implies the local solvability of L since L is a subsystem of L p .
Since any potential system representing an Abelian covering is foliated, all statements of Section 5 are applicable to its conservation laws (after the necessary modifications in the proof of Theorem 5, connected with the introduction of weighted jet spaces). Stronger statements on the connection between potential-free characteristics and conservation laws by induced conservation laws of the corresponding initial system can be proved owing to a special structure of the foliation.
Lemma 7. If a characteristic of the potential system L p depends only on "local" variables (i.e., it is a function only of x and derivatives of u) then the associated conservation law of L p has a conserved vector which also does not depend on potentials.
Proof. Suppose that the potential system L p possesses a characteristic
which does not depend on the potentials v 1 , . . . , v p . (Due to system (11) defining the potentials, the dependence of the characteristic on nonzero derivatives of the potentials can be neglected up to the equivalence relation of characteristics.) The components α si and γ ν are differential functions of u and correspond to the equations v s i = G si and L ν = 0, respectively. Therefore, there exists a conserved vector (F 1 , . . . , F n ) of the system L p such that
Since the differential function V of x and derivatives of u and v is a total divergence then the value of the extended Euler operator E = (E u 1 , . . . , E u m , E v 1 , . . . , E v p ) on V is the zero m + ptuple. In particular,
i.e., the tuple (α s1 [u] , . . . , α sn [u]) is a null divergence. In view of the Theorem 2 on null divergences, there exist differential functions Φ sij [u] such that α si = D j Φ sij and Φ sij = −Φ sji . We denoteF
The tupleF = (F 1 , . . . ,F n ) is a conserved vector equivalent to the initial conserved vector F . In terms ofF equation (12) can be re-written as
The right-hand side of the last equality vanishes on the solution set of L. The standard way of deriving the characteristic form of conservation laws implies that
for some differential functionsγ µ [u] and some conserved vectorF equivalent toF and, therefore, F . (The conserved vectorF differs fromF by a tuple vanishing on the solution set of L.) Since the right-hand sideγ µ L µ depends only on x and derivatives of u, equality (10) implies in view of Corollary 1 that there exists a conserved vectorF of L p which depends only on x and derivatives of u and is equivalent to the conserved vectorF and, therefore, F .
Lemma 8. If an extended characteristic of a potential system L p is induced by a characteristic of the initial system L then the associated conservation law of L p has a characteristic which does not depend on potentials.
Proof. Suppose that the system L p defining an Abelian covering of the system L possesses an extended characteristic induced by a characteristic λ of L, i.e., there exists a conserved vector
. In the general case this equality is not a characteristic form of the conservation law of L p , containing the conserved vector (F, G), since some equations of L can be out of the minimal set of equations forming the potential system L p .
The indices of such equations form the set N ′ = {ν ′ }. If N ′ = ∅, we at once have a characteristic form.
In view of Lemma 1, this representation has the form
where A ν ′ ν and B ν ′ sij are polynomials of the total differentiation operators D i with smooth coefficients depending on x and derivatives of u,
where α si = −D j B jisν ′ * λ ν ′ and γ ν = λ ν + A νν ′ * λ ν ′ are functions of x and derivatives of u, and A νν ′ * and B jisν ′ * denotes the formally adjoint operator to A ν ′ ν and B ν ′ sij , respectively. The conserved vectors F andF are equivalent since their difference vanishes on L p . Finally, we construct the characteristic (α si , γ ν , s = 1, . . . , p, i = 1, . . . , n, ν ∈ N ) of the conservation law with conserved vector F , which depends only on x and derivatives of u.
Thus we may combine Proposition 2, Theorem 5 and Lemmas 7 and 8 into the following result.
Theorem 7. The following statements on a conservation law of a system determining an Abelian covering are equivalent: 1) the conservation law is induced by a conservation law of the corresponding initial system; 2) it contains a conserved vector which does not depend on potentials; 3) some of its extended characteristics are induced by characteristics of the initial system; 4) it possesses a characteristic not depending on potentials.
Note 3. The locality properties of conservation laws, listed in Theorem 7, are preserved under equivalence transformations of potential systems. More precisely, if the systems L p andL p belong to the same Abelian covering of the system L then the corresponding equivalence transformation maps any conservation law of L p , with the locality properties to a conservation law ofL p with the same properties. Therefore the statement on locality properties of conservation laws of potential systems can be reformulated as an analogous statement for Abelian coverings.
Standard potentials
Consider potential systems obtained via inducing potentials according to Theorem 2 in the case n > 2. Suppose that the system L has p linearly independent local conservation laws with conserved vectors G s = (G s1 , . . . , G sn ), s = 1, . . . , p. We introduce the potentials v sij = −v sji associated with this set of conserved vectors by the formulas
assuming additionally that these potentials are locally independent on the solution set of the system L. The corresponding standard potential system L p consists of the potential part (14) and the equations of the system L which are not differential consequences of (14) and other equations of L, taken together. Below the index ν runs through the set N of the indices of such equations and the index ν ′ runs through the set N ′ = {1, . . . , l}\N . (Note that the total number of such equations is equal to or greater than l − p but is not necessarily equal to l − p.) The above representation is a canonical foliation of the system L p over the system L. 
The procedure of grading the jet space with respect to potentials in the case n > 2 is analogous to the one in the two-dimensional case (see Section 6). The difference is that the weights of the potentials arising from the same conservation law (i.e., having the same value of the index s) are assumed equal, i.e.,
Lemma 9. The system L is totally nondegenerate with respect to a weight if and only if the system L p is totally nondegenerate with respect to this weight extended to the derivatives of the potentials.
Here the equationsLμ = 0,μ = 1, . . . ,l, form a complete set L [k] of independent differential consequences of the system L, which have weights not greater than k and v s α = ∂ |α| v s /∂x Similarly to two-dimensional potential systems and systems representing Abelian coverings, multi-dimensional potential systems are foliated over the corresponding initial systems in a special way. In addition to using all statements of Section 5, this allows us to prove stronger statements on their conservation laws induced by conservation laws of the initial systems.
Lemma 10. If a characteristic of the potential system L p depends only on local variables (i.e., independent and non-potential dependent ones) then the associated conservation law of L p has a conserved vector which also does not depend on potentials.
Proof. Suppose that the potential system L p possesses a characteristic (α si , γ ν , s = 1, . . . , p, i = 1, . . . , n, ν ∈ N ) which does not depend on the potentials v 1 , . . . , v p . (Due to system (14) the dependence of the characteristic on nonzero derivatives of the potentials can be neglected up to the equivalence relation of characteristics.) The components α si and γ ν are functions of x and derivatives of u and correspond to the equations D j v sij = G si and L ν = 0, respectively. Therefore, there exists a conserved vector F of the potential system L p such that
Since the differential function V = V [u, v] is a total divergence then the value of the extended Euler operator
These conditions mean that for each s the 'horizontal' differential 1-form ω s = α si [u] dx i is closed with respect to the total differential D since
The 'horizontal' de Rahm complex [9] (also called D-complex [20] ) over a totally star-shaped domain of the independent variable x and the dependent variable u is exact (see, e.g., Theorem 5.59 of [20] ). Therefore, the form ω s is D-exact, i.e., there exists a 'horizontal' differential 0-form (in other words, a differential function) Φ s = Φ s [u] such that ω s = DΦ s . Writing the last equality in components, we obtain α si = D i Φ s . Consider the conserved vectorF with the componentŝ
which is equivalent to the initial conserved vector F . Then equation (15) can be re-written as
The right-hand side of the last equality is a function of x and derivatives of u and vanishes on the manifold L (k) of the jet space J k (x|u), where k is the highest order of derivatives in this expression. Using the Hadamard lemma and "integration by parts" as in the derivation of the general characteristic form of conservation laws, we obtain that
for some differential functionsγ µ [u] , where the conserved vectorF is equivalent toF and, therefore, F since it differs fromF by a tuple vanishing on the solution set of L. Since the right-hand sideγ µ L µ depends only on x and derivatives of u, equality (16) implies in view of Corollary 1 that there exists a conserved vectorF of L p , which depends only on x and derivatives of u and is equivalent to the conserved vectorF and, therefore, F .
Lemma 11. If an extended characteristic of the potential system L p is induced by a characteristic of the system L then the associated conservation law of L p has a characteristic which does not depend on potentials.
Proof. Suppose that the multi-dimensional potential system L p possesses an extended characteristic induced by a characteristic λ of the initial system L, i.e., there exists a conserved vector
. In the general case this equality is not a characteristic form of the conservation law of L p which contains the conserved vector F , since some equations of L may not be contained in the minimal set of equations forming the potential system L p . The indices of such equations form the set N ′ = {ν ′ }. If N ′ = ∅, we at once have a characteristic form. Let N ′ = ∅. We represent each L ν ′ as a differential consequence of L p . In view of Lemma 1, the representation has the form
where A ν ′ ν and B ν ′ s are polynomials of the total differentiation operators D i with coefficients depending on x and derivatives of u. Note that
Integrating by parts on the right-hand side gives
where 
) the conservation law is induced by a conservation law of the corresponding initial system; 2) it contains a conserved vector which does not depend on potentials; 3) some of its extended characteristics are induced by characteristics of the initial system; 4) it possesses a characteristic not depending on potentials.
Note 4. The locality properties of conservation laws, listed in Theorem 6, are stable with respect to the equivalence of potential systems. In other words, if potential systems L p andL p of the system L are equivalent then the corresponding equivalence transformation maps any conservation law of L p possessing the above locality properties to a conservation law ofL p with the same properties.
If n > 2, the equations (14) associated with a fixed solution u = u(x) of the system L form an underdetermined system with respect to the potentials v sij . Therefore, we can add gauge conditions on the potentials to L p . In fact, such additional conditions are absolutely necessary in the case n > 2 for the potential system to have nontrivial symmetries and conservation laws. It is stated in Theorem 2.7 of [1] for a quite general situation that every local symmetry of a potential system with unconstrained potentials is projectable to a local symmetry of the initial system, i.e., such a potential system gives no nontrivial potential symmetries. Moreover, each conservation law of such a system is invariant with respect to gauge transformations of the potentials [4] . Definition 13. A system L g of differential equations with the independent variables x and the dependent variables u and v is called a gauge on the potentials v sij defined by equations (14) if any differential consequence of the coupled system L gp = L p ∩ L g , which does not involve the potentials v sij , is a differential consequence of the initial system L. The coupled system L gp is called a gauged potential system. The gauge L g is called weak if a minimal set of equations generating all the differential consequences of L p contains a minimal set of the coupled system L gp called a weakly gauged potential system. The gauged potential system L gp is a foliated system over the base system L. Therefore, the statements of Section 5 are true for conservation laws of such systems and can be sharpened in the following way.
Proposition 5. A conservation law of a gauged potential system contains a conserved vector which does not depend on potentials if and only if it is induced by the conservation law of the corresponding initial system with the same conserved vector and if and only if some of its extended characteristics are induced by characteristics of the initial system.
A weakened version of Theorem 8 on potential systems without gauges can be extended to weakly gauged potential systems. The proof is analogous to those already presented. Only the general version of the Hadamard lemma for fiber bundles (Lemma 2) has to be applied instead of the simplest one (Lemma 1).
Theorem 9. A conservation law of a weakly gauged potential system contains a conserved vector which does not depend on potentials if and only if it has a characteristic which also does not depend on potentials and whose components corresponding to the gauge equations vanish.

General coverings
The idea of general coverings arose in the well-known paper by Wahlquist and Estabrook [30] in the form of prolongation structures involving pseudopotentials. Later this idea was rigorously formulated and developed in geometrical terms [9, 17, 18, 29] . Here we treat coverings in the framework of the local approach by introducing local coordinates.
The statement on simultaneous locality of conserved vectors and characteristics is not true for conservation laws of general coverings.
Suppose that the system L admits p pseudo-potentials v 1 , . . . , v p defined by the equations
where differential functions G si = G si [u|v] satisfy the compatibility conditionsD j G si =D i G sj on the solution set of the system L. The notation G[u|v] means that G is a differential function of u and v, depending on x, v and derivatives of u (there are no derivatives of v of orders greater than 0!). We will briefly call G[u|v] a differential function of (u|v).D i is the operator of total differentiation, acting on differential functions of the above type according to system (17), i.e.,
The corresponding potential system L p consists of the pseudo-potential part (17) and the equations of the system L which are not differential consequences of (17) together with other equations of L. The system L p defines a covering of the system L. It is an example of a foliated system, where L is the base system. 
Hence the prolongations of the total differentiation operators to equivalent pseudo-potential tuples coincide on the solution set of L. In fact, in the localcoordinate approach a covering of L is an equivalence class of pseudo-potential tuples which are considered along with the corresponding equations of the form (17) and prolongations of the total differentiation operators coinciding on the solution set of L.
Since two conserved vectors of L p , whose difference vanises identically in view of subsystem (17) are equivalent, any conservation law of L p contains a conserved vector F [u|v] whose components F i [u|v] do not depend on nonzero-order derivatives of the pseudo-potentials. In view of Lemma 1, the defining formula D i F i Lp = 0 for conserved vectors of this kind can be rewritten in the formD i F i L = 0. The same is true for characteristics and extended characteristics of the system L p . Namely, up to equivalence determined by the subsystem (17), the components of any (extended) characteristic of L p can be assumed to be differential functions of (u|v). Conserved vectors (characteristics and extended characteristics) whose components do not depend on the nonzero-order derivatives of the pseudo-potentials will be called reduced.
Due to the structure of the equations (17) defining the pseudo-potentials, any weight defined for the variables x and u a α is extendable to the derivatives of pseudo-potentials. To extend the weight, we use the following rule: We will assume that all the pseudo-potentials v have the same weight equal, e.g., to
Therefore, ̺(v s α ) = ̺ v + |α|. This equation reflects the fact that pseudo-potentials appear on right-hand sides of the equations (17) .
The jet spaces can also be endowed with weights with respect to pseudo-potentials by means of the same rule as for the usual potentials in the two-dimensional case. See Section 6 for notations and definitions.
Lemma 12. The system L is totally nondegenerate with respect to a weight if and only if the system L p is totally nondegenerate with respect to this weight extended to the derivatives of the pseudo-potentials.
The proof of Lemma 12 is analogous to that of Lemma 6. Only the total differentiation operatorsD i have to be used instead of the standard ones. Thus only the total nondegeneracy of the system L has to be assumed for working with the usual and extended characteristics of conservation laws of both the system L and the system L p . Since any potential system determining a covering of the system L is a foliated system with base system L, the statements of Section 5 remain true for conservation laws of such systems (after the necessary replacements in the proof of Theorem 5, taking into account the grading of the jet spaces). Let us combine these statements and formulate them in a specific way.
Proposition 6. A conservation law of a system determining a covering contains a conserved vector which does not depend on potentials if and only if it is induced by the conservation law of the corresponding initial system which has the same conserved vector and if and only some of its extended characteristics are induced by characteristics of the initial system.
Unfortunately, the property of characteristic locality cannot be included in the chain of equivalent statements of Proposition 6 and, moreover, this property is not preserved under the equivalence transformations of pseudo-potential tuples. In fact, if the potential systems L p andL p of the system L are equivalent with respect to an equivalence transformation Ω and the system L p possesses a conservation law F with a local characteristic associated with equivalent tuples of pseudo-potentials then there is no guarantee that the conservation lawF ofL p , equivalent to F with respect to Ω, also has a local characteristic.
A partial locality property of extended characteristics of covering systems is connected with the linearity of associated conserved vectors with respect to pseudo-potentials.
Theorem 10. A conservation law of a system determining a covering contains a reduced conserved vector which linearly depends on pseudo-potentials if and only if it has a reduced extended characteristic whose components corresponding to the pseudo-potential part of the system do not depend on pseudo-potentials.
Proof. Suppose that a conservation law F of the system L p contains a reduced conserved vector F [u|v] which linearly depends on pseudo-potentials, i.e.,
Following the conventional way of deriving the characteristic form of conservation laws, we apply the Hadamard lemma, integrate by parts in the right-hand side of the derived equality and finally obtain that
, and the functionsF i vanish on the solutions of L identically with respect to v. Therefore, the tupleF = (F 1 , . . . ,F n ) is a trivial conserved vector of L p . The conserved vectorF = F −F belongs to F (since it is equivalent to F ) and satisfies the equality
This means that the tuple (F is [u], i = 1, . . . , n, s = 1, . . . , p, γ µ [u|v], µ = 1, . . . , l) is a reduced extended characteristic of the system L p , which is associated with the conservation law F and obviously has the necessary property. Conversely, let the tuple (F is [u], i = 1, . . . , n, s = 1, . . . , p, γ µ [u|v], µ = 1, . . . , l) be a reduced extended characteristic associated with the conservation law F of the system L p . Then there exists a conserved vector F belonging to F such that
Acting by the extended Euler operator E = (E u 1 , . . . , E u m , E v 1 , . . . , E v p ) on both the sides of the last equality, we have in particular that
Simultaneously integrating these equations, we obtain that
for some differential function H = H [u] . The substitution of the last expression into equation (18) results in the equality
. This immediately implies in view of Corollary 1 that there exist an n-tupleF =F [u] and a null divergenceF =F [u, v] such that F i − F is v s =F i +F i . Finally, the tupleF = F −F differs from F by the null divergenceF and, therefore, also is a conserved vector of L p , belonging to the conservation law F.
are linear with respect to the pseudo-potentials.
Criterion for purely potential conservation laws
The main applications of the results collected in Theorem 1 are connected with the construction of potential (nonlocal) conservation laws and hierarchies of potential systems. At first sight it appears that they are important mostly for those approaches to finding conservation laws which involve the characteristic form (1) of conservation laws or its consequences (2) and (3), including the Noether symmetry approach [2, 3, 9, 20] . (A detailed comparative analysis of different methods of finding conservation laws and their realizations is given in [31] .) A more careful consideration reveals that these results are also important for the direct method based on the definitions of conserved vectors and conservation laws [21] . Given a conserved vector depending on derivatives of potentials, usually it is difficult to test whether this conserved vector is equivalent to a conserved vector which does not depend on potentials. The reason of the difficulty is the duplicity of the equivalence relation of conserved vectors, which is generated by summands of two kinds-null divergences and tuples of differential functions identically vanishing on the solution set of the corresponding system of differential equations. That is why it seems impossible to formulate, directly in terms of conserved vectors, an effective criterion for testing whether a conservation law of a potential system is induced by a conservation law of the corresponding initial system. At the same time, such a criterion is easily formulated in terms of characteristics. Proof. If a characteristic λ of L p is completely reduced and depends on potentials then it is unconditionally inequivalent to any characteristic free from all derivatives of potentials. That is why the necessary statement directly follows from Theorem 7 (resp. Theorem 6).
Let us consider the two-dimensional case in some more detail, employing the notations of Section 6. Suppose that a conserved vector (F, G) of a potential system L p is associated with a characteristic
which does not depend on derivatives of potentials. Then we can algorithmically find a conserved vector (F ,G) which is equivalent to (F, G) and also does not depend on derivatives of potentials, avoiding the direct application of the complicated formula from Theorem 4. The algorithm is based on the proof of Lemma 4. Since each tuple (α s , β s ) is a null divergence, there exist differential functions Φ s [u] such that D x Φ s = α s and D t Φ s = −β s . Then the conserved vector with the componentŝ
is equivalent to the initial conserved vector (F, G) since the difference of (F, G) and (F ,Ĝ) vanishes on the solution set of L p , and the total divergence of (F ,Ĝ) is a differential function of u. This means that the conserved vector (F ,G) differs from (F ,Ĝ) by a null divergence whose components are, in general, differential functions of u and v.
Suppose that the potential system L p has q linearly independent conservation laws induced by conservation laws of the initial system L. Let the tuples (F ς ,G ς ), ς = 1, . . . , q, be conserved vectors of these conservation laws which do not depend on derivatives of potentials. The second-level potential system (see [21] for definitions) constructed from L p with the conserved vectors (F ς ,G ς ), ς = 1, . . . , q, is equivalent, with respect to a local transformation changing only potentials, to the first-level potential system L ′ p obtained from L with the conserved vectors (F s , G s ), s = 1, . . . , p, and (F ς ,G ς ), ς = 1, . . . , q, (cf. the end of Section 2). The potential part of L ′ p differs from the potential part of L p in the equations v
. . , q. An analogous argument holds for potential systems of an arbitrary level.
An example
To present an illustrative example, we give a new detailed interpretation of results from [21] on hierarchies of conservation laws and potential systems of diffusion-convection equations, involving tools developed in this paper. See also [16, 21, 23] for the method of classification of potential conservation laws for a class of differential equations with respect to the equivalence group of this class.
The class of diffusion-convection equations of the general form
where A = A(u) and B = B(u) are arbitrary smooth functions of u, A = 0, possesses the equivalence group G ∼ formed by the transformations
where ε 1 , . . . , ε 7 are arbitrary constants,ε 4 ε 5 ε 6 = 0. The kernel (intersection) G ∩ of the maximal Lie invariance groups of equations from class (19) consists of the transformationst = t + ε 1 ,
Any equation from class (19) has the conservation law F 0 whose density, flux and characteristic are
A complete list of G ∼ -inequivalent equations (19) having additional (i.e., linearly independent of F 0 ) conservation laws is exhausted by the following ones General case. In the general case equation (19) has the unique linearly independent local conservation law F 0 (A, B). The corresponding potential system
possesses only the zero conservation law, i.e., equation (19) of the general form admits no purely potential conservation laws. B = 0. Any equation with B = 0 and a general value of A admits exactly two linearly independent local conservation laws F 0 = F 0 (A, 0) and F 1 = F 1 (A), and up to linear dependence any conservation law is G ∩ -equivalent to one of them. Using these conservation laws, we introduce the potentials v 1 and v 2 , where
The pairs of equations (20) and (21), considered separately, form two potential systems for equation (19) (with vanishing B) in the unknown functions (u, v 1 ) and (u, v 2 ), respectively. The third potential system is formed by (20) and (21) simultaneously, and the three functions u, v 1 and v 2 are assumed unknown. Since the characteristics λ = 1 and λ = x are nonsingular, the initial equation is a differential consequence of both the potential parts (20) and (21) and is not included in the minimal sets of equations representing the potential systems. Therefore, the characteristics of systems (20) and (21) have two components. The components β and α correspond to the first and second equations of these systems, respectively. System (20) has only one linearly independent local conservation law F whose conserved vector (F, G) = (v 1 , − A) is associated with the characteristic (α, β) = (1, 0). In view of Theorem 6, this conservation law is induced by a conservation law of the initial equation. Let us find a conserved vector (F ,G) which is equivalent to (F, G) and additionally does not depend on derivatives of potentials. The function Φ (see Section 10) satisfies the equations D x Φ = α = 1 and D t Φ = −β = 0. We choose the value Φ = x and consider the conserved vector (F ,Ĝ) equivalent to (F, G) with the componentŝ
Up to the summand ((xv 1 ) x , −(xv 1 ) t ) which obviously is a null divergence, the conserved vector (F ,Ĝ) is equivalent to the conserved vector (F ,G) = (−xu, xAu x − A) belonging to the conservation law −F 1 . That is why the "second-level" potential system
obtained from (20) by introducing the "second-level" potential w 1 with the conservation law F is in fact equivalent, with respect to the point transformation w 1 = xv 1 − v 2 , to the "first-level" united potential system (20)- (21) . Although system (22) formally belongs to the second level, it is the most convenient one for further investigation since it has the simplest form among the potential systems constructed with two conservation laws from equation (19) with B = 0. Analogously, system (21) possesses only one linearly independent local conservation law F with the conserved vector (F, G) = (x −2 v 2 , −x −1 A) and the characteristic (α, β) = (x −2 , 0). Theorem 6 implies that this conservation law is induced by a conservation law of the initial equation. As a solution of the equations D x Φ = α = x −2 and D t Φ = −β = 0, we choose the value Φ = −x −1 . Then
The conserved vector (F ,Ĝ) is equivalent, by construction, to (F, G) on the solution set of (22) . Up to the null divergence ((
, it is also equivalent to the conserved vector (F ,G) = (u, −Au x ) which depends only on derivatives of u and belongs to the conservation law F 0 . Therefore the "second-level" potential system
obtained from (21) by introducing the "second-level" potential w 2 with the conservation law F is also equivalent, with respect to the point transformation w 2 = v 1 − x −1 v 2 , to the united system (20)- (21) . The space of conservation laws of the united system (20) - (21) is zero-dimensional. Therefore, for any equation (19) with B = 0 all potential conservation laws are induced by local ones and all inequivalent potential systems are exhausted by systems (20) , (21) and (22) . B = A. This case is analyzed in a way similar to the previous one. Any equation with B = A and a general value of A has a two-dimensional space of local conservation laws generated by F 0 = F 0 (A, A) and F 2 = F 2 (A), and up to linear dependence any conservation law is G ∩ -equivalent to either F 0 or F 2 + εF 0 , where ε ∈ {0, ±1} mod G ∩ . Using the conservation laws F 0 and F 2 + εF 0 , we can introduce the independent potentials v 1 and v 3 , satisfying the conditions
The pairs of equations (23) and (24) considered separately form two potential systems for equation (19) with B = A in the unknown functions (u, v 1 ) and (u, v 3 ), respectively. The third potential system is formed by equations (23) and (24) simultaneously, and the three functions u, v 1 and v 3 are assumed as unknown. Since the characteristics λ = 1 and λ = e x + ε are nonsingular, the initial equation is a differential consequence of both the potential parts (23) and (24) and is not included in the minimal sets of equations representing the potential systems. Therefore, characteristics of systems (23) and (24) have two components. The components β and α correspond to the first and second equations of these systems, respectively. System (23) has only one linearly independent local conservation law F whose conserved vector (F, G) = (e x v 1 , −e x A) is associated with the characteristic (α, β) = (e x , 0). We choose the solution Φ = e x of the equations D x Φ = α = 1 and D t Φ = −β = 0 and put
The conserved vector (F ,Ĝ) is equivalent to (F, G) by construction and, up to the null divergence ((e x v 1 ) x , −(e x v 1 ) t ), is equivalent to the conserved vector (F ,G) = (−e x u, e x Au x ). This vector does not depend on the potential v 1 and belongs to the conservation law −F 2 . Hence the conservation law F of the potential system (24) is induced by the conservation law −F 2 of the initial equation. Therefore, the "second-level" potential system
obtained from (24) by introducing the "second-level" potential w 1 with the conservation law F is equivalent, with respect to the point transformation w 1 = e x v 1 − v 3 , to the united system (23)- (24), where ε = 0. Although system (25) formally belongs to the second level, it is most convenient for our further investigation among the potential systems constructed with two conservation laws from equation (19) with B = A since it has the simplest form. System (24) also admits only one linearly independent local conservation law F which contains the conserved vector (F, G) = (e x (e x + ε) −2 v 3 , −e x (e x + ε) −1 A) associated with the characteristic (α, β) = (e x (e x + ε) −2 , 0) and, hence, is induced by a conservation law of the initial equation in view of Theorem 6. We choose the solution Φ = −(e x + ε) −1 of the equations D x Φ = α and D t Φ = −β and put
Again the conserved vector (F ,Ĝ) is equivalent to (F, G) and up to a null divergence is also equivalent to the conserved vector (F ,G) = (u, −Au x − A) which depends only on derivatives of u and belongs to the conservation law F 0 . Therefore the "second-level" potential system
obtained from (24) by introducing the "second-level" potential w 3 with the conservation law F is also equivalent, with respect to the point transformation w 3 = v 1 − (e x + ε) −1 v 3 , to the united system (23)- (24) . The space of conservation laws of the united system (23)- (24) is zero-dimensional. Therefore, for any equation (19) with B = A all potential conservation laws are induced by local ones and all inequivalent potential systems are exhausted by systems (23) , (24) and (25) .
From the point of view of local conservation laws, this case does not differ from the general one. Any equation from class (19) with such a value of B and an arbitrary value of A has the unique linearly independent local conservation law F 0 = F 0 (A, A + uA). At the same time, the corresponding potential system
also admits the unique linearly independent local conservation law F 4 = F 4 (A) with the conserved vector (F, G) = (e v 1 , −e v 1 A) and the characteristic (α, β) = (e v 1 , −e v 1 A). Since the characteristic is completely reduced and depends on the potential v 1 , in view of Proposition 7 the conservation law F 4 is not induced by a local conservation law of the initial equation, i.e., it is a purely potential conservation law. The potential system (26) is reduced to the potential system (23) by means of the potential hodograph transformatioñ
and the conservation law F 4 is mapped to the one induced by F 2 . The same transformation extended by the formulaw = −w + v 1 e x to the second-level potential w introduced with F 4 also reduces the second-level potential system v x = u, w x = e v , w t = e v A to system (25) . As a result, although any equation from class (19) with B = A + uA admits a nontrivial potential conservation law, this case does not give principally new potential systems.
Linear heat equation. The space of local conservation laws of the linear heat equation u t = u xx is infinite-dimensional and formed by F 4 h , where h = h(t, x) runs through solutions of the backward linear heat equation h t + h xx = 0 [12] . Fixing an arbitrary p ∈ N and choosing p linearly independent solutions h 1 , . . . , h p of the backward linear heat equation, we obtain p linearly independent conservation laws F 4 h 1 , . . . , 
are independent in the sense of Definition 11. According to Theorem 8 of [21] or Theorem 5 of [23] , any local conservation law of system (28) is induced by a local conservation law of the linear heat equation. As a result, the systems of the form (28) exhaust all possible potential systems of the linear heat equation and all potential conservation laws of this equations are induced by local ones.
Linearizable equations. Up to G ∼ -equivalence, class (19) contains three linearizable equations. These are the u −2 -diffusion equation u t = (u −2 u x ) x [7, 25] , the related equation u t = (u −2 u x ) x + u −2 u x [13, 26] and the Burgers equation u t = u xx + 2uu x [14, 15, 10] . These equations are well known to be linearized by nonlocal transformations (so-called potential equivalence transformations in the class (19) [22, 19] ) to the linear heat equation. While possessing the usual properties concerning local conservation laws, they are distinguished from the other diffusion-convection equations of the form (19) by possessing an infinite number of linearly independent purely potential conservation laws. The u −2 -diffusion equation u t = (u −2 u x ) x admits, as a subcase of the case B = 0, two linearly independent local conservation laws F 0 = F 0 (u −2 , 0) and F 1 = F 1 (u −2 ). The potential system constructed by F 1 has the form (21) with A = u −2 and possesses the same properties as for general A (see the case B = 0). The conservation law F 0 gives a potential system of the form (20) with A = u −2 , whose space of local conservation laws, in contrast to the general value of A, is infinite-dimensional and consists of the conservation laws F 5 σ with the conserved vectors (F, G) = (σ, σ v u −1 ) and the characteristics (α, β) = (σ v , −σ t u −1 ). Here the parameter-function σ = σ(t, v) runs through the solution set of the backward linear heat equation σ t +σ vv = 0. Since any of the above characteristics is completely reduced and depends on the potential v in case of σ vv = 0 then in view of Proposition 7 each conservation law F 5 σ with σ vv = 0 is not induced by a local conservation law of the initial equation, i.e., it is a purely potential conservation law. The conservation law F 5 v is induced by F 2 = F 2 (u −2 ) and F 5 1 is the zero conservation law. The u −2 -diffusion equation is reduced to the linear heat equation [7] by the potential hodograph transformation (27) . More precisely, the transformation (27) is a local transformation between the corresponding potential systems v x = u, v t = u −2 u x and v x = u, v t = u x constructed by means of the conservation laws F 0 (u −2 , 0) and F 0 (1, 0) = F 4 1 , respectively. Hence the action of (27) maps each of these conservation laws to zero of the target system. Moreover, the transformation (27) provides the correspondence between the conservation laws F 5 σ and F 4 h with the same values of the parameter-functions σ(t, v) = h(t,x). After fixing an arbitrary p ∈ N and choosing p solutions σ 1 , . . . , σ p of the backward linear heat equation any of whose linear combinations is not a constant, we construct the second-level potential system S from system (20) with A = u −2 using the p linearly independent conservation laws F 5 σ 1 , . . . , F 5 σ p . The system S is pointwise equivalent to the potential system of the linear heat equation, associated with the conservation laws F 4 1 , F 4 σ 1 , . . . , F 4 σ p . The above results on conservation laws of the linear heat equation imply that any conservation law of S is induced by a conservation law of system (20) with A = u −2 . Consequently, this case does not give principally new potential systems although the u −2 -diffusion equation admits an infinite-dimensional space of first-level potential conservation laws connected with system (20) .
Since the equation u t = (u −2 u x ) x + u −2 u x is reduced to the u −2 -diffusion equation by the point transformationt = t,x = e x ,ũ = e −x u, its conservation laws are connected with ones of the linear heat equation in a way similar to the previous case. Thus, the space of local conservation laws of the equation u t = (u −2 u x ) x + u −2 u x is the usual one for the case B = A. It is generated by two linearly independent conservation laws F 0 = F 0 (u −2 , u −2 ) and F 2 = F 2 (u −2 ). The potential system associated with F 2 +εF 0 is of the form (24) with A = u −2 . Its properties are as usual for the case B = A. At the same time, the other inequivalent potential system which is associated with F 0 possesses an infinite-dimensional space of local conservation laws, equal to {F 6 σ }. Here F 6 σ is a conservation law with the conserved vector (σe x , σ v u −1 e x ) and the characteristics (α, β) = (σ v , −σ t u −1 ). The parameter-function σ = σ(t, v) again runs through the solution set of the backward linear heat equation σ t + σ vv = 0. Since any of the above characteristics is completely reduced and depends on the potential v in case of σ vv = 0 then in view of Proposition 7 each conservation law F 6 σ with σ vv = 0 is not induced by a local conservation law of the initial equation, i.e., it is a purely potential conservation law. At the same time, these conservation laws lead to potential systems which are equivalent to potential systems of the linear heat equation, which have form (28) .
The Burgers equation u t = u xx + 2uu x is distinguished from the equations of the form (19) with B = A+uA through its potential conservation laws. As any equation with B = A+uA, it possesses the unique linearly independent local conservation law F 0 = F 0 (1, 2u) . The associated potential systems v x = u, v t = u x +u 2 has the infinite-dimensional space of conservation laws F 7 h with the conserved vectors (he v , h x e v − hue v ) and the characteristics (he v , h x e v − hue v ). Here the parameter-function h = h(t, x) runs through the solution set of the backward linear heat equation h t + h xx = 0. Any of the above characteristics is completely reduced and depends on the potential v if h = 0. Hence in view of Proposition 7 each conservation law F 7 h with h = 0 is not induced by a local conservation law of the initial equation, i.e., it is a purely potential conservation law.
The potential system v x = u, v t = u x + u 2 of the Burgers equation u t = u xx + 2uu x is mapped to the potential systemṽx =ũ,ṽt =ũx (constructed from the linear heat equationũt =ũxx with the "common" conservation law F 0 (1, 0) = F 4 1 ) by the point transformatioñ
This transformation establishes the correspondence between the conservation law F 7 hx and the conservation law of the potential systemṽx =ũ,ṽt =ũx, induced by F 4 h . Note that if the parameter-function h = h(t, x) is a solution of the backward linear heat equation then its derivative h x also is a solution of the same equation. The famous Cole-Hopf transformation [10, 15] (first found in [14] ) is a consequence of the above transformation and in fact linearizes the Burgers equation to the linear heat equation with respect to the potentialṽ [19, 22] .
For some p ∈ N we choose p solutions h 1 , . . . , h p of the backward linear heat equation such that any of their linear combinations is not a constant. The second-level potential system S constructed from the potential system v x = u, v t = u x + u 2 using the p linearly independent conservation laws is pointwise equivalent to the potential system of the linear heat equation, associated with the conservation laws F 4 1 , F 4 h 1 , . . . , F 4 h p . The above results on conservation laws of the linear heat equation imply that any conservation law of S is induced by a conservation law of the potential system v x = u, v t = u x + u 2 . Therefore this case gives only potential systems which are pointwise equivalent to systems of the form (28) .
